Compact isospectral sets of surfaces  by Osgood, B et al.
JOURNAL OF FUNCTIONAL ANALYSIS 80, 212-234 (1988) 
Compact lsospectral Sets of Surfaces* 
B. OSGOOD, R. PHILLIPS, AND P. SARNAK 
Department of Mathematics, Stanford University, 
Stanford, California 94305 
Communicated by R. B. Melrose 
Received February 14, 1987 
INTRODUCTION 
In this paper we study sets of surfaces which are isospectral with respect 
to the Laplace-Beltrami operator. More specifically, for closed surfaces 
(compact, no boundary) we consider a fixed surface and the family of 
metrics on that surface having a given Laplace spectrum, whereas for sur- 
faces with boundary we confine our study to the class of simply connected 
planar domains all having the same spectrum for the euclidean Laplacian 
with Dirichlet boundary conditions. This latter case is classical and directly 
tied to “hearing the shape of a drum” as the problem was posed by Kac 
[9]. Briefly, our main result is that such isospectral families of metrics, or 
plane domains, are compact in a natural C” topology. 
To be more precise, let A4 be a closed surface and fix an arbitrary 
background metric on M. With respect to this metric we can define the 
space of Ck metric tensors on M. Two Ck metrics are isometric if there is a 
Ck diffeomorphism of A4 onto itself under which the metrics correspond. 
Since isometric metrics have, in particular, identical Laplace spectra, what 
is of interest in our problem are the classes of isometric metrics on M. If g 
denotes the isometry class of g then the Ck topology on such classes is 
defined by 8, + 2 if there are metrics h, E g,, and h E 2 such that h, + h in 
Ck. This is described in more detail in Section 2. We shall prove that an 
isospectral set of isometry classes of metrics on a closed surface is sequen- 
tially compact in the C” topology. The cases of genus zero and higher 
genus require different treatments. 
Consider next simply connected planar domains with smooth boundary. 
By the Riemann mapping theorem we can use the unit disk U as a 
reference surface and parameterize such domains by flat metrics on U con- 
formal to the euclidean metric. The topology on isometry classes of metrics 
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is the same as for closed surfaces, above, and in this case we can prove a 
somwhat stronger compactness result. That is, if 8 denotes the class of 
domains isometric to D, then for a sequence of isospectral simply connec- 
ted, smooth planar domains 6, we show that a subsequence of Riemann 
mapping functions of U onto D, E fi,, converges in Cm( 0). This is carried 
out in Section 1. 
The above results are proved by using a large enough class of spectral 
invariants. As we shall see, the local heat invariants (see the Appendix) 
together with the (nonlocal) determinant of the Laplacian are sufficient for 
this purpose. The determinant of the Laplacian allows us to obtain the 
initial estimate, after which compactness in successively stronger topologies 
is established from the heat invariants. In order to use the heat invariants 
for this purpose it is necessary to show that the term in each heat invariant 
containing the highest order derivative in the trace has a nonzero coef- 
ficient. In the Appendix we show that this is so in the case of a closed sur- 
face. The explicit calculation of the coefficient, which we give, may be of 
independent interest. The nonvanishing of the analogous coefficients for the 
heat invariants for planar domains has been established by Melrose [ 111. 
The use of the determinant in this program is essential. Perhaps the 
simplest way of seeing that the local invariants are not enough to ensure 
compactness is to observe that all metrics of a fixed constant curvature on 
a closed surface of genus at least 2 have identical local invariants but do 
not form a compact set of metrics. 
We end this Introduction with a few general remarks about the isospec- 
tral problem. It is known through the work of Vigneras [19] and Sunada 
[ 181 that in dimension 2 an isospectral set can contain more than one 
isometry class of metrics. In higher dimensions, Gordon and Wilson [7] 
have given examples of continuous isospectral deformations, while 
Guillemin and Kazhdan [S] have shown that this is impossible for surfaces 
of negative curvature. Briining [4], extending work of Gilkey [S], has 
established C” compactness for a family of isospectral potentials when the 
manifold has dimension <3. For simply connected planar domains, 
Melrose [ll], using only the heat invariants, has established the precom- 
pactness of isospectral sets in the sense of C” convergence of the boun- 
daries. In this topology, the domains can pinch down in the middle so that 
the limits may no longer be connected. We prove compactness for iso- 
spectral sets of planar domains in the topology defined above, which is 
stronger than convergence of the boundaries and forces the limits of planar 
simply connected domains to be of the same topological type. 
For background material on the determinant of the Laplacian as well as 
for a number of crucial inequalities used in this paper we refer the reader 
to our paper on this subject entitled “Extremals of Determinants of 
Laplacians” [ 141. The present paper is a continuation of this work. 
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1. SIMPLY CONNECTED PLANAR DOMAINS 
As mentioned in the Introduction we shall use the unit disk U as a 
reference surface in this case, and so we begin by considering the space 9 
of all flat metrics on U conformal to the euclidean metric. This space may 
in turn be identified simply with the set of all harmonic functions q on U, 
where the corresponding metric is then 
ds = P Idzl. 
Any simply connected planar domain D has a representative in 9 given by 
cp = log IF’I, ds = IF’1 Jdz(, 
where F is a conformal mapping of U onto D. 
In a moment we shall want to consider the classes of isometric flat 
metrics, but first we topologize 9 using the Sobolev space Wk(8U) norm 
of cp restricted to 8U for k> 4. Given a cp E Wk(U) we take its harmonic 
extension to U, which we again denote by cp, and if $ is the function con- 
jugate to C+P with $(O) =0 then + is also in w”(aU). In fact ($Jk < ((P(~, 
where 1. I k denotes the W“(aU) norm. In particular, if cp corresponds to a 
simply connected planar domain then we can recover the mapping function 
from cp as 
F(z)=I:e (6 + iti)(c) d[. (1.1) 
For a sequence {cp,} of such metrics convergent in W”(i?U) with limit cp, 
the corresponding F then gives a conformal mapping onto a simply con- 
nected planar domain. Thus the type of degeneration illustrated in Fig. 1 is 
not possible. Another way of say this is that the set of metrics in 9 
corresponding to simply connected planar domains is closed in Wk(iYU) 
for k > f. If k> 4 (so that cp is bounded) and if {cp,} converges to cp in 
Wk(3U) then {F,) converges to Fin Wk+‘(aU). 
Now, the Mobius group of the disk, SU(1, l), acts naturally on 9 by 
pullback, producing classes of isometric metrics. In terms of the conformal 
factor P the action on cp (8U by a VE SU( 1, 1) is given by 
(V. cp)(e”) = cp( Veie) + log ) V’(P)l, 
FIGURE 1 
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or in general for a positive function 1 on aU, by 
(V. A)(eie) = A( I/e”)1 V(e”)J 
(thinking of the metric as ds = I IdzJ ). Since cp and V. cp correspond to 
isometric metrics, 9 decomposes naturally into isometry classes, and we 
therefore consider the quotient space 
lw(cxl) = w(aU)/SU( 1, 1). 
We denote an element of Mk(8U) by 4. Note that 6 corresponds to those 
metrics obtained by the action of SU( 1, 1) on the euclidean metric, 
To define a topology on Mk(dU) we shall say that a sequence of 
equivalence classes { 4, > in Mk(8U) converges to C$ in M“(c~U) if there exist 
representatives cp, E c$” and cp E 4 such that (cp” - (~1~ + 0. 
We next show that in each class 4 there are distinguished elements which 
we call “balanced.” Such rp’s satisfy an inequality (see (5) in [14]) which is 
crucial in the first step of proving compactness of an isospectral family of 
@‘s. 
We say that a metric eq(dzl (not necessarily flat) is balanced if 
s 
2n 
evei’ d% = 0, 
0 
and to establish the claim above we shall show, more generally, that for 
any positive function AEL’(~U) there is a VE SU(1, 1) such that 
I 2n (V~A)(ei8)eied%=0. 0 
For the proof, represent a VE SU( 1, 1) as 
lal2 - jbJ’= 1. 
Then a simple change of variables gives 
j:r (I/. A.)(eie)eis d% = ji’ I( Ve”) 1 V’(e”)l ei8 d% 
tiei’ - b 
dt. 
- 6e” + a 
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For any UE R with b chosen so that (bl* =‘/a)* - 1, we can construct a Vin 
SU(1, 1). Setting z = -b/a, then [z( < 1 and as a function of z = reie the 
above becomes 
Denoting the mean value of 1 on S’ by Izo, we see that 
H(re”) + Aode 
uniformly in 8 as r + 1. Moreover since the absolute value of the integrand 
on the right in (1.2) is equal to n(e”), it is clear that IH( <lo for JzI < 1. 
Thus H is a continuous map of JzJ < 1 into JwI < ao, which extends con- 
tinuously to be a dilation from Izj = 1 to Iw( = Ao. By considering images of 
concentric circles about the origin we then see that H must map (zl < 1 
onto (WI G I, and in particular that there is a zo, (zo) < 1, such that 
H(z,) = 0. This is what we were required to show. 
The possibility of producing balanced metrics on the disk is analogous to 
a result due to Onofri [ 131 for metrics on the sphere under the action of its 
conformal group. We shall need Onofri’s result in Section 2. 
Turning to the isospectral problem, we will establish that an isospectral 
set { $} in Mm(XJ) corresponding to smooth simply connected planar 
domains is sequentially compact in Moo(aU). According to our definition of 
Mk(dU) convergence, it suffices to work with a balanced representative 
from each isometry class. We assume that such cp’s have been chosen and 
prove compactness in PVk(aU) for all k. 
The argument can be divided into three steps: 
(1) boundedness in W”*(cTU) using the determinant of the Laplacian, 
(2) boundedness in W2(8U) (hence in C’(aU)) using the first few 
heat invariants, 
(3) boundedness in l@‘(aU) for all k using higher heat invariants. 
For Step 1 observe first that the first heat invariant (see the Appendix 
(3.21)) gives the length of the boundary of the domain, which is therefore 
the same for all elements of an isospectral set. We may thus assume 
without loss of generality that 
I 
2n 
eqd%=2n 
0 
for all the balanced rp’s. 
(1.3) 
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Next, Alvarez ([2], see also [14, (1.15)]) has shown that for any flat 
metric t?’ \dz( on U one has 
+C (1.4) 
where C does not depend on cp. Here dp = dO/2n and a”cp denotes the outer 
normal derivative after p has been extended harmonically to U. Note that 
in terms of its Fourier expansion 
we have 
and 
(I.51 
The determinant of the Laplacian is also a spectrally determined quan- 
tity and consequently from (1.4) 
for all isospectral q’s and for some constant Cr. Now, since cp is balanced 
we may apply the strengthened form of the Lebedev-Milin inequality 
proved in [ 14, Section 21. This asserts that 
from which, together with (1.3), we may conclude that 
Combining this with (1.6) and (1.7) yields 
(1.7) 
(1.8) 
Cl.91 
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It now follows from (1.5) that this set of cp’s is uniformly bounded in 
W”*(m). 
We now wish to extend this to W*(aU). First we show that the set of cp’s 
is uniformly bounded in C(S’). The first few heat invariants (see the 
Appendix (3.22)) imply that 
s 
kds=C2 
S’ 
I k*ds=C, (1.10) s’ 
aI I k4ds-a2 s (k’)* ds = C4, s’ s’ 
where k is the geodesic curvature of aU in the metric ds = ev Jdzl, k’ is the 
derivative with respect to this arclength, and a I, a2 > 0. 
We may express k as 
k=e-‘P(l +iY,cp) (1.11) 
(see [12, Section 11) and use this to write 
5 
2n 
O(l+a,(p)*dtI=Cj. 
0 
Applying the triangle inequality then yields 
s 
2n 
s 
2n 
e-‘P(a”q)*de<2C,+2 eeq d0. 
0 0 
(1.12) 
We now apply an inequality ([14], (3.63)) of a type due to Trudinger 
together with (1.8) and (1.9) to conclude that the integral on the right hand 
side is bounded, whence 
s 
2n 
eMv(i3,cp)* d0 4 1. (1.13) 
0 
Next let Ic/ = cp - q(O). Then e(O) = 0 and we can write 
Icl(x) = Is, Nx, Y) DAY) My), 
where 
N4 Y) = c 
, ein(x- Y) 
- = -log(2 - 2 cos(x - y)). ,n, 
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To estimate $ we combine the Cauchy-Schwarz inequality with the 
Trudinger type inequality ((3.63)[12]) used in (1.12) together with (1.9) 
and (1.13) to obtain 
l~(x)l* 6 js, N*(x, y) &) 4.4~) js, eptiL”‘(a,$(y))* dp(y) 
so that the +‘s are uniformly bounded in C(8U). Since 
do) = js, cpV) 44 
it follows from (1.9) that the same is true of the cp’s. Using this in ( 1.13) we 
conclude that 
I 2n (a,(P)* de 4 1, 0 
from which we see that the cp’s are uniformly bounded in W’(aU). 
To show that the cp are uniformly bounded in W*(aU) we argue as 
follows: Let k, denote the mean value of k(s) on the boundary curve. Then 
<4 s s, k’(s)(k(s) - k,) ds + 2k; 
GE js, k’(s)* ds + (; + 2) js, k(s)’ ds 
for any E >O. Now multiply through by k(.s)2, integrate over S’, and use 
( 1.10). This gives, for E sutliciently small, 
I k’(s)* ds 6 1. s’ 
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It follows that the k are uniformly bounded in w’(aU) and hence in 
C(&Y). By (1.11) 
and since the cp and k are uniformly bounded in C(aU) this implies 
s (aHaerp)2de4 1. s' 
We have now established the assertion that the cp’s are uniformly bounded 
in wZ(au). 
To complete the final step we use some recent work of Melrose [9] who 
has shown that the 2j+ 1 heat invariant, which is an integral of a (univer- 
sal) polynomial in k(s) and its derivative, is of the form 
azj+ 1 6, Ik"'@)l 2 ds + 5,, (1 ower order derivatives of k) ds, 
where ay+ r # 0. From this he concludes that k(s) and all of its derivatives 
are uniformly bounded over the isospectral set. Since k = e-“( 1 + a,rp) and 
since we have already established that the balanced cp’s are uniformly 
bounded in C’(aU), we can make use of Melrose’s result to show that these 
cp’s are uniformly bounded in Wk(aU) for all k. (We will give a version of 
this argument for the sphere in more detail in Section 2.) It follows from 
this that a smooth isospectral set of metrics corresponding to simply con- 
nected domains is compact in P(aU). 
Finally, recall that we can recover the Riemann mapping function of U 
onto a domain D from the corresponding metric erp IdzJ on U as in ( 1.1). 
We may thus rephrase the preceding conclusion as stating that if I$, is a 
sequence of isometry classes of isospectral smooth, simply connected 
domains then there is a subsequence D,E~,,, and conformal mappings 
F, : U + D, which converge in C”( 0) to a conformal mapping of U. 
2. CLOSED SURFACES 
In this section we will be concerned with isospectral sets of metrics on a 
fixed closed surface. As in the case of planar domains, treated in the 
previous section, it is necessary to begin by identifying the appropriate 
topologies. Quite generally, if A4 is a closed manifold, of any dimension, we 
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define a norm on tensor fields on M as follows. Choose a smooth 
background metric g, on M and for a tensor field L on M first set 
ILl’(x)= L~::::~~L6::::Yg,galY,. . .g,x,,,gb16i . . .g@t%. 
Now define the Ck( M) and Wk(M) norms by 
llUcl= sup IL,,,...i,l(X) 
XEM 
h;c.bh 
and 
Wll N”= c IL;i,...,,12(x)dVol,(x), 
I, ,, . . . . i, M 
r<k 
where ;ij denotes covariant differentiation with respect to the metric 
g = (go). Choosing a different background metric in place of g in the above 
definitions results in equivalent CA and Wk norms, respectively. 
In particular, we will use these norms for metric tensors on M. The 
situation for a conformal family of metrics, say poO, with p a function, is 
simpler. Indeed, in this case the above norms become corresponding norms 
on p. For example, pnao+ po, in Ck as tensors iff pn + p in Ck as 
functions. Note also that if metrics on + cr in C” and functions p, + p in 
Ck then the metrics p*cr, + po in Ck. 
The convergence of isometry classes &, of metrics is as before, i.e., g,, + 2 
if there are representatives h, E g,, h E 2 with h, + h in whatever topology 
is specified. This type of convergence has the property that isometric 
invariants converge. For example, it is clear that if 2, + g in Co then 
Vol( g,) --, Vol( g). It is not so obvious that under the same assumption the 
LaplaceBeltrami spectra converge. That this is the case may be seen from 
the minimax characterization of the eigenvalues as the extrema of 
NcpYWcp)9 where 
The relevant consequence for us is that isospectral sets of isometry classes 
of metrics are closed in Co. 
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From now on A4 will denote a closed surface. In studying the com- 
pactness of isospectral sets of metrics on M the case M= S* must be 
treated differently from those surfaces of higher genus. On S* all metrics 
are conformal to the standard round metric c,,, however, as in the previous 
section the space of such conformal metrics decomposes into large isometry 
classes under the action of the Mobius group of S*. In genus > 1 there are 
few isometries of M but instead we have to deal with a finite dimensional 
space of conformal types. 
Still, in either case, the proof of the sequential compactness of isometry 
classes of isospectral metrics divides naturally into basically the same three 
steps as before, namely 
(1) boundedness in W’(M) using the determinant of the Laplacian, 
(2) boundedness in W*(M) using the second and third heat 
invariants, 
(3) boundedness in F@(M) for all k using higher heat invariants. 
Steps 2 and 3 are the same in any genus; Step 1 is significantly different in 
the two cases. 
2.1. M=S2. Let e,, be the standard round metric on S* with area 4n. 
By the uniformization theorem any metric g on S* is conformal to cro, say 
g = e2qpoo. The isometry class d of g is therefore obtained from the action of 
the Mobius group (which may be identified with SL(2, C)) on the confor- 
ma1 factor via 
where 1 V’I is the Jacobian of V. As before we will also write @i to denote the 
isometry class of e2rpao. 
By analogy to the planar case we say that a metric e2’Pa0 on S* is 
balanced if 
s eZpx.dA =0 s2 ’ O ’ j= 1,2, 3, 
where x1, x2, xj are the coordinate functions on R3. Onofri [13] has 
shown that every isometry class 4 contains a balanced representative. 
Previous to this, Aubin [3] proved that such functions cp satisfy the 
following inequality, corresponding to (1.7). For any E > 0 there is a 
constant C(E) such that 
(2.1) 
Here V, is the gradient relative to o. and dp = dA,/4n. 
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Now let { 4) be a set of isospectral isometry classes of C” metrics. As in 
Section 1, the sequential compactness of this set in Ca(S2) will follow by 
carrying out Steps 1, 2, and 3 for balanced representations cp E: $J. We 
proceed accordingly. 
Since the heat invariants are spectrally determined, and the zeroth 
invariant determines the area (see the Appendix), we may assume without 
loss of generality that 
A=j e2rg dA, = 4n (2.2) 
s2 
over the isospectral class of balanced cp’s. Furthermore 0 < q = det’ A,+, is 
also a spectral invariant and by Polyakov’s formula ( [ 15, 163, see also 
c14, (1.13)1), 
log det’ A, = -5 lV,cp12dp+2/slqdp +logA+C=logq, (2.3) 
where C does not depend on cp. 
Using this and (2.2) we have 
Thus (2.4) combined with Aubin’s inequality (2.1) gives 
and hence also 
(2.4) 
(2.5) 
This shows that the cp’s are uniformly bounded in W’(S’). 
To extend this to W2(S2) we first recall that the Gaussian curvature K of 
the metric e21Pc0 is given by 
K= e-2p(K(o,) - A,cp) = ep2’(1 - A,cp), (2.7) 
where A, is the Laplacian for the metric (TV. The second heat invariant 
implies that 
I ee2”( 1 - do(p)2 dAo 6 1. S2 
580/80/1-15 
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From this we may apply the Trudinger inequality [14, (3.24)] combined 
with (2.5) and (2.6) to conclude that 
J e-2’P(doqg2 dA0 4 1. s2 (2.8) 
Next let 
and $ = 40 - po. Then we may write 
(cl(x) = Js2 Gk u) ~,KY) 44yh 
where G is the Green’s function for A,, 
1 . . 1 
G(x, y) = - 2;; log sm dist(x, y) -471, 
where dist denotes the spherical distance. It follows that 
I+(x)I~ G ( Js2 G4k v) Cl y I)“‘( Js2 e4$ L)“’ Js2 ee2@ Vo+12 dp.
The first integral is finite, the third is uniformly bounded by (2.6) and (2.8), 
and the second is uniformly bounded by another application of Trudinger’s 
inequality. This same argument can be used in the case of higher genus, 
since, for the first integral, it was ony necessary to know that the Green’s 
function has a logarithmic singularity, which is true in any genus. 
We have now established that the $‘s are uniformly bounded in CO(S’) 
and since the same is true of the cpo’s by (2.6) we conclude that 
lbllc~ + 1. (2.9) 
Using this in (2.8) shows that the cp’s are uniformly bounded in W2(S2). 
This completes Step 2 of the proof. 
Turning now to the final step of the proof, we begin by proving by 
induction that for all n 2 2 
J s2 (A(“-2)‘2K)2 dA <, 1, (2.10) 
J s2 (d”-2)‘2K)1dA 4,, 1 for I<n and 2,<r<n. (2.11) 
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(A half-integer power of A is interpreted to mean gradient.) This is 
immediate for n = 2 by the second heat invariant (see (3.2) in the Appen- 
dix). Assume that it holds for an n > 2. We show that 
Js 
(2.12) 
For this. consider the heat invariant 
h Cn+l n+1= s (A(* ~ ’ )/2K)2 d-4 + lower order terms, (2.13) s2 
which is fixed over the isospectral class. In the Appendix we prove that 
c, + , # 0. Any lower order term in h,, , with all derivatives of K of order 
less than (n - 2)/2 will be 4 1 by Holder’s inequality and the induction 
hypothesis. Thus after integration by parts, one finds that the only lower 
order term left to deal with is 
(A’“-2)‘2K)2KdA . 
But for this we can estimate 
(I (A’” ~ 2U2K)2K(I Lo f (IK(J L2 I( (A’” - 23’2K)2 I( Lz 
4 I/(A(“-2)‘2K)21\ L2 = l/A’“-- 2)‘2KI(;4 
f Cl(A’“-2”2KI( WI I(A(“‘-2”2K((L2 
+ (I A’” - 2)‘2KIJ we 
G l+ js2 (A 
( 
(n - w42 &j 
> 
10 
. (2.14) 
Here, along with Holder’s inequality and the induction hypothesis, in the 
third line we have used a form of the Gagliardo-Nirenberg estimates (see 
[4, Lemma 23). The inequality in (2.12) now follows from (2.13) and 
(2.14). Finally, (2.11) with n replaced by n + 1 then follows from this using 
the Sobolev inequality 
(2.15) 
The induction is now complete. 
We next note that A = e-29d, and hence by (2.9) 
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It therefore follows by (2.9) and the fact that the cp’s are uniformly bounded 
in W*(S’) that 
This in turn implies that 
and proceeding inductively we see that 
for all k, whence the compactness of the isospectral family is P(S*). 
2.2. Higher genus. Let M be a closed surface of genus g> 1 and fix a 
smooth background metric co on M. Let {in) be a sequence of isometry 
classes of isospectral metrics on M. As before, the area is fixed for these 
metrics and we may assume that A(g,) = 1 for all n. According to the 
uniformization theorem, in the conformal class associated with each g, E 2, 
there is a unique hyperbolic metric (flat in genus 1) of area 1. In this way 
we associate to & a (unique) class of isometric hyperbolic (flat if g = 1) 
metrics f, of area 1. Write det(&), det(z^,) for det’ dg., det’d,” for any 
representative g, E g,, r, E +^,. The main extremal property of determinants 
[14, Theorem 1 ] then implies that 
det(f,) 2 det( g,), (2.16) 
the latter being a fixed constant q > 0. 
Next let J?~ denote the moduli space of hyperbolic (flat if g = 1) metrics 
on M of area 1. In [20], Wolpert has shown that for ?c Xg the function 
det(f) satisfies 
det(f) af exp , (2.17) 
where 1 is the length of the shortest closed geodesic on M in the r metric 
and ci is a positive constant depending only on the genus. Equations (2.16) 
and (2.17) imply therefore that 
where /,, is the length of the shortest closed geodesic for z^,. 
We are now in a position to apply a theorem of Mumford [12], 
according to which some subsequence of the i, (again denoted by f,) 
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converges to a ? in J$. Put another way, there are hyperbolic metrics 
r,, E C, and z E < such that 
where Yg is the Teichmtiller space of hyperbolic (flat if g = 1) metrics on M. 
Take the case of genus > 1 (the torus is easier). If we choose the limit t 
as the base point for Y$ see [ 11, and uniformize (M, z) as r\h, where h is 
the upper half-plane with its usual Poincare metric, then we can write 
z = y --2 ldz12 
Here P,, is such that z, is hyperbolic, the Q’s are quadratic differentials, and 
(&(ln’ 7 . .. . EYE)_ 3) -+ 0 as n + 00. From the smooth dependence on parameters 
in the solution to the Beltrami equation [l] it follows that pn + ye2 in 
P(r\Q). Hence 
T,+T in C”(M). (2.19) 
The same conclusion also holds for the torus. 
By definition of the t, there is a g, E 2” and a smooth function q,, such 
that 
g, = ezvnTn, (2.20) 
In view of (2.19), (2.20), and the remarks at the beginning of this section 
on convergence of metric tensors, it suffices to establish the convergence of 
a subsequence of the rp, in C” to establish the main compactness result for 
the isospectral set {g,,}. 
From Polyakov’s formula [ 14, (1.13)] for the determinant we find using 
(2.20) that 
-671 log rl = -6~ log detk,) =$ IM IVr,~,J2 do,” + 2@ - 2g) lM cpn do.” 
- 671 log det(r,). (2.21) 
(In using [ 14, (1.13)] here note that the Gaussian curvature is KTn = 2 - 2g 
since the area is fixed to be 1.) Furthermore 
dATn = 1, e2vn dArn = 1 (2.22) 
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from which Jensen’s inequality gives 
I (P,, dA,” < 0. M 
Thus (2.16) and (2.21) yield the estimate 
(2.23) 
Finally, it follows from (2.19) (2.22), and Trudinger’s inequality 114, 
(3.24)] that 
where C, cr, c2 are positive constants independent of n. We conclude from 
this and (2.23) that 
and hence that 
Combining this with (2.24) and (2.29) gives 
By a much different route, we have now reached the same key starting 
point as in the earlier cases to obtain a convergent subsequence of the g,‘s. 
The only difference between this case and the case of genus zero is that 
instead of a sequence 2enr,-, we have e2’pnr,,. However, as remarked earlier, 
since r, + t in C” the arguments go through as before and the convergence 
in C” of a subsequence of the g,,‘s is established. 
To conclude, our compactness results, together with the local rigidity 
theorems proved by Guillemin and Kazhdan [8], mentioned earlier, 
strongly suggest that an isospectral set of negatively curved surfaces is 
finite. 
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3. APPENDIX: HEAT INVARIANTS 
We conclude this paper with a few properties of the heat kernel Tr(&). 
First consider the case of a closed surface M with metric. It is known (see 
[ 10, 61) that asymptotically as t -+ 0 
Tr(e“‘) = f .f ajtJ, 
/=O 
where 
aj = s 
Ui dA 
M 
and the Vi are universal polynomials (i.e., do not depend on M) of degree 
2j in K and the Laplacian A, which are each of degree 2. In Section 2 we 
needed the first few aj to obtain the intial estimates, and we record the 
formulas 
A a, =X(M), 7c a,=;i;;, 6 a2=gj M s 
KZ dA (3.1) 
(see [lo]). 
For the higher aj, note that on integrating Uj over A4, all terms of the 
form A(...) drop out. The highest derivative term which survives is of 
degree 2 in K and hence of the-form 
‘i s M 
KA’-*KdA= fcj (A’J-2’f2K)2dA. 
I (3.2 M 
We shall prove that cj # 0 for all j; in fact for j 2 2 
(-1)’ j! 
“=x (4j2 - 1)(2j- 3)!’ (3.3 
Since the form of the Uj does not depend on M, we shall work with the 
simplest surface, namely a torus with metrics, 
ds2 = p,(x)(dx; + dx;), Obx,, x*< 1, (3.4) 
where 
p,=(l+ECOS2~(k,x))-‘, kEH2. 
In this case the curvature is of the form 
K,(x) = &K1(x) + g2K2(x) + . . . 
(3.5 
(3.6 ) 
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and 
K,(x) = +A, cos 2n(k, x) = -2n*k* cos 2n(k, x). (3.7) 
Notice that (3.2) is the only expression in 1 Uj dA which has a term of 
order 2 (or less) in E. Consequently 
d* 
-U.(E) 
dE2 ’ 
Moreover it is not hard to show (for instance by means of the estimates in 
Chapter 1 of Gilkey [4]) that for complex E with (~1 ~0.1 
fi$o,(E),‘-Tr(ed.‘)lCcRfNtl, (3.9) 
where ai is analytic in E. Moreover it follows from the analyticity in E of 
the resolvent of d, that Tr(&‘) is also analytic for fixed t. Hence 
2cj s (A&j-2)‘2Kl)2 dA,=f/ (2n1kj)*’ 
d* 
= coefficient of tj- ’ in the expansion of z Tr(ede’) . (3.10) 
&=O 
We now compute the right hand side of (3.10). With pE defined as 
in (3.5) 
A,= (1 +E cos 2n(k, x))A, 
and 
;A.=cos2R(k,x)A,, $A,=O. 
A straightforward calculation yields 
z= 2 Tr(ed”) 
e=O 
= s l Tr(t* cos 2n(k, x) erudo cos 2n(k, x)e’(l-u)‘O) du. (3.11) 0 
The trace can be expressed in terms of a complete orthonormal system 
I4 as 
WC) = c (Cu,, 4. 
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We choose as our basis 
u / = e2xi<L.x> 9 1EZ2. 
In this case I becomes 
Next we apply the Poisson summation formula, expressing (3.12) in 
terms of a sum of values of the Fourier transform of the summand with 1 
replaced by y. All of the terms except the zero term behave like exp( -c/t) 
as t + 0. So up to terms of exponential order 
I = 8n4t2 
IS ; ly121y+kl 
2e-4n2t(ul,,12+(1 -u)l?'+kl*) du dy R2 
I 
-4n%jy+k1* 
= -27C2t Iw2 1~1’ ly+k12e-4;2~;:z~,~+k,2 dy. (3.13) 
Taking k = (K, 0), the relation (3.13) can be put in a more symmetric 
form by the substitution 
t = 2, G1=S7tK, a=(a,O), y=(x-a)/2xs, (3.14) 
and I becomes 
We now make the further substitution 
[(x1+a)2+x:]- [(x,-a)2+~:]=40a 
[(xl + a)’ + xi] + [(x1 - a)2 + xz] = 25 
(3.16) 
or 
a=x1, t=xf+xs+a2. (3.16)’ 
By integrating over the region r 2 cr2 + a* = W, - co < o < 00, we cover only 
the upper half plane of the original domain of integration. Since (3.15) is 
even in x2 we can write 
1 00 00 
I=- 
I I (TV - 402a2) 
e --r+2c7r-e-r-20, dr da 
4n*t --m 0 4aa 2JG’ 
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Replacing r by r + o, this becomes 
1 cDm 
s s 
e2c7a 
I=- 
32n=cit -a; o 
eCT(T2 + 202 + a2 - 4a2cr2)eC” 
The inner integral can now be evaluated in terms of factorials and we get 
where 
J(a)= -j 
o. e-(o+a)2~e-(u-a)2 
do. 
-cc u 
J(a) is the zero value of 
F(v)= -jp e-‘“i”)2~e-‘“-‘Pei~‘t 
-cc 
which tends to zero as Iv1 + co. Differentiating with respect to v we get 
J”(v)= -ijm (e-(a+a)2_e-(U-or)2)eiUvdu 
-02 
so that 
J(a) = F(0) = 2,/% low epv214 sin av dv 
Inserting this in (3.17) and collecting the terms in the coefficient of tj = So 
we finally obtain 
I=f ;+ f (-1)’ 
j!(2z lkl)v 
32n(4j2 - 1)(2j- 3)! tJ 1 ’ (3.19) j=2 
Combining this with (3.10) gives (3.3). 
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Our discussion of Tr(e“‘) for plane domains will be limited to listing the 
first few terms of the asymptotic expansion. As already mentioned, Melrose 
[ 111 has carried out an analysis of the higher terms corresponding to our 
result above. 
Quite generally, if M is a compact surface with boundary then in place in 
(3.1) one has 
where 
Tr(ed’) = f .f airliz, 
j=O 
(3.20) 
A L 
a,=;I;;, 
X(W 
a’= -8,:;;’ 
a2=-g--, (3.21) 
and L is the length of aM, [lo]. In the case when M is a plane domain 
with its euclidean metric the next few terms in (3.20) have been calculated 
explicitly [17] and we have 
1 
a3=28J;; dM I 
k2 ds 
1 
a4=315n (?M s 
k3 ds (3.22) 
(k’)2 ds. 
Here k is the euclidean curvature and k’ is the derivative with respect to 
arclength. Note that in Section 1 we used these formulas on the unit disk U 
with the metric f*( ldzl) = If’1 (dzl, where f: U -+ M is a conformal map- 
ping. 
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